Let X(t) (0 ^ t ^ T) be the diffusion process governed by the following stochastic differential equation (abbreviation, SDE).
Support Theorem for Diffusion Processes on Hilbert Spaces
By Shigeki AIDA* § 1. Introduction
In this paper we will prove a support theorem for infinite dimensional diffusion processes on Hilbert spaces. In finite dimensional cases we have a celebrated Stroock-Varadhan's theory ( [1] , [2] ). We briefly review their theory. (See §2 for the below notation.)
Let X(t) (0 ^ t ^ T) be the diffusion process governed by the following stochastic differential equation (abbreviation, SDE).
(1)
dX(t) = a(X(t))-dw(t) + b(X(t))dt X(t) = x
where oeCl(R n -> R n (x) R m \ beCl(R n^> R n \ and w(t) is an m-dimensional Brownian motion. The notation -dw(t) denotes the Stratonovich stochastic differential. The problem is to determine the topological support of the diffusion measure P x of X(t) which is a probability measure on C x ([0, T], R n ) endowed with the uniform convergence topology. To prove the support theorem they first used the approximation theorem in the following. Let £(•, h) be the solution of the following ordinary differential equation (ODE), ( To prove the converse inclusion & x c Supp(F x ) they considered the conditional probability P* 6th := P(\\X (-9 In this formulation of the support theorem it should be noted that (1) is a Stratonovich's SDE. Stroock-Varadhan's procedure is not always valid, since the Stratonovich correction term (the difference between the Stratonovich integral and the ltd integral) diverges in general in infinite dimensional spaces. H. Doss [8] obtained the following sufficient condition under which the strong solution X(-, w) is continuous with respect to the uniform convergence topology of the Wiener space.
2) {(t, fc) = *(£(*, h))h(t) + b($(t, h))
£w
Theorem (H. Doss [8]). Let aeC$(E 9 L(B, E)) and beCl(E, E). Assume further that
Let £ be the solution of the following ODE.
£(0,x,fe) = x fcGCj([0, T],B).
Then £: 
dX(t) = <r(X(t))dW(t) + b(X(t))dt
X(0) = x.
Then X(t, x, W) = £(t, x, W).
Consequently Stroock-Varadhan's support theorem holds under (3) in infinite dimensional cases. However, we think that this result is too restrictive, since an important point of Stroock-Varadhan's support theorem is that the Wiener functional X is not necessarily continuous, but is controlled by the ODE. In the present paper we will first assert that Stroock-Varadhan's arguments for the support theorem are valid even in infinite dimensional cases if one give a certain definition to the Stratonovich correction term quite well. Next, we will prove that if the diffusion generator is nondegenerate in a certain sense, then the support is the total space whether the Stratonovich correction term diverges or not. The content of this paper is organized as follows. In §2 we will prepare some notions and several lemmas. In §3 we will prove our main theorem (Theorem 1), and in particular we will show the following: Corollary 1. Let X(t) be the solution of the following SDE, and let P x denote the distribution of X(t) on C([0, T], E).
Assume that
(1) <reC£(£, ^(H, £)), and beCl(E, E), 
and the closure is taken with respect to the topology of C([0, T], E).
In §4 we will prove a support theorem for nondegenerate diffusions. In §5 we will give several examples of SDE of which Stratonovich correction terms diverge, and discuss the support of them. In the last section we will prove the support theorem for stochastic flows, noting that stochastic flows are regarded as diffusion processes on a diffeomorphism group (Elworthy [7] We will define function spaces. In the below definitions, X and Y stand for Banach spaces.
Let We recall the definition of Ito's stochastic differential equations on Hilbert spaces. (See e.g. K. Ito [5] , D. A. Dawson [6] , H. H. Kuo [4] ) Let <re C Lip (E, jf(H, E)) and beC Lip (E, E) , and let us consider the following SDE.
(2) dX(t) = ff(X(t))dW(t) + b(X(t))dt
Here a(X(t))dW(t) is the Ito stochastic differential. By usual method of Picard's succesive approximation, we can solve (2). To define a Storatonovich type SDE, we have to consider a correction term. Definition! 2,2, Let X be a 1 -dimensional J^rsemimartingale, let 7 be as follows. It is easy to see that the following stochastic integral is well-defined. Proof. It is immediate from the It 6 formula (see Elworthy [7] ).
Y(t) • dX(t)
Remark. Let a(x)ej = F f (x). Then the SDE (2) is rewritten in the following form.
We will use this form in the proof of Theorem 1.
In the rest of this section we summarize the basic facts which is used to prove Theorem 1 (see , [2] and Ikeda-Watanabe [10] ). We need the following estimate to prove Theorem 1. Note that P(n ^ ||M|| r ^ n + 1) 
Lemma 2.4 Let w be a d~ dimensional Brownian motion with
w(0) = 0. Then P(\\ w|| r < 8) -C x exp(-C 2 T/S 2 ) (d -»0) where C l5 C 2 (>0) are constants. Here f^t) ~/ 2 (t) (t -> 0) m^aw5 lim/ 1 (t)// 2 (t) = 1.<P( n 2 -K 2 T< 2 (<j(s)*M(s) 3 ^P^(s)) H ^ (n + I) o II r P 2 (ff(s)* M(s A T), dW(s)) ^n 2 -K 2 T o 2 -
dX(t) = ff(X(t))dW(t) + b(X(t))dt
Assume that (1) a E C Lip (E, JT(H, E)) 9 and b e CftE, E). 
t(t, h) = a(£(t, h))h(t) + b(t(t, h)) -
K ffi/ «(t, h)) (0, h) = x.
The closure is taken with respect to the topology of C([0 5 T], E).
Proof. The proof of Supp(PJ c <f x is immediate from the approximation theorem. We omit the proof since it is essentially the same as Elworthy [7] p. 104. We will prove the opposite direction by adopting Stroock-Varadhan's method. Without loss of generality we may assume that a e C b (E, jjf(H, E)), and V ffif e C b (E, E). We first claim the following. 
(2) Let X^jt be the solution of the following ODE.
X(t) = £ V t (X(t))V(t) + {b((t)) -V aJ (X(t))} i=l X(0) = x.
Then lim £[||X Bfc -X = 0.
Using Lemma 3.1 we can complete the proof of Theorem 1. Because, by 
(X(s)){b(X(s))-V fftf (X(s))}^i( 5 )ds.
Further applying Lemma 2.3 repeatedly, we get 
V i (X(s))-dw i (s) = lP i (s)w i (s)+ £ Q t j(s)riU(s) +

m-> ao
This can be proven by using molifier as well as finite dimensional cases. See H. H. Kuo [4] p. 146 Theorem 6.1. 
Proof of Lemma 3.2 under the condition (b).
V i (X(s))h i (s)ds
T.
Note that = 0.
X(t) -X nth (t) =
where t/J j/ (x):= fc(x) -V" tf (x) . By a standard argument we have -* M y s £«.
;o Using Gronwall inequality we get Lemma 3.1 (1).
(2) It also follows from the Gronwall inequality, so we will omit the proof.
Remark. It would be plausible that Theorem 1 holds under the condition that V t EC^(E, E) in place of (2), since under this condition the approximation theorem still holds, so Supp (P x ) g M follows. If one can prove that a family of the probability measure {P 
Da(x)(<r(x)z)(z)iJL(dz) JB
where P n is the same as of (a), and at the last equality we used the following results:
(II) \\z\\ B , \\P n z\\ B eIf(B, dp)(p ^ 1) and lim f \\P n z -z\\* B n(dz) = 0 n~* ™J B (c.f. H. H. Kuo [4] , p. 82, Theorem 4.5 for (II)).
By similar arguments we have
|| £ Da(x)(a(x)e i )(e i ) -f Da(y)(cr(y)e i )(e i )\\
K\\x-y\\ E \\P n z\\ 2 B v(dz), JB
which completes the proof. §4 Support Theorem for Nondegenerate Diffusions
In this section, we will prove a support theorem for non-degenerate diffusions. We will first give the following definition. When a satisfies the assumption (C) with F, we will say that a is nondegenerate with respect to F.
Theorem 2. Let X(t) be the solution of the following SDE.
(
Assume that a satisfies the conditions (1) and (2) in Theorem 1 and a is nonde generate, then
Proof. Without loss of generality, we may assume a e C b (E, Jtf(H, E)). Let a be nondegenerate with respect to F. Let Q n be the finite dimensional projection onto the subspace £", where {E n } is increasing subspaces of F such that (J E n = E and let {P n } n = i be the increasing sequence of finite dimensional n projections of H such that P n -» I H strongly. First we will show the following claim.
(Claim) Let X Ktm (t) be the solution of the following SDE.
dX n . n (t) = a n (X n^t ))-dWM+^n(X n ,M}dW n (t) (X^m(t)} -2b(X n , m (t))} dt
Here a n (x) = ff(x)P n , e n (x) = a(x)(I -PJ,
Then two diffusion measures P"' m induced by X n^m and P x are mutually absolutely continuous. We will prove the claim. One can take a increasing sequence {£/}_,-of compact subsets of E such that dX n (t) = a n (X n (t))-dW n (t) + a n (X n (t))dW n (t)
Clearly Support of X n c Support of X.
By a similar argument of Lemma 3.2, we can prove the following.
By the same argument as the proof of Lemma 3.1 (2) we have £(t, /z)eSupp(P x ), where £(£, h) is the solution of the following ODE.
This completes the proof. § 5o Examples
In this section, we will discuss below three examples. For Example 1, Theorem 1 and Theorem 2 are not applicable. For Example 2, Theorem 1 is not applicable but Theorem 2 is applicable. For Example 3, Theorem 1 and Theorem 2 are not applicable but we can characterize its support. Hereafter we set E = H = / 2 . Therefore every Hilbert-Schmidt operator is canonically identified with a matrix of which matrix elements are square summable. We here restrict ourselves to the following SDE.
where a k (x) is chosen in the below examples respectively. Clearly, this quantity diverges for every x in a dense subset of / 2 converges in another dense subset. Also for any other c. o.n. s., the Stratonovich correction term diverges in a dense subset and converges in another dense subset. Therefore our theorems are not applicable. It is interesting problem to determine the support of this diffusion process. But we do not know how to characterize the support at present. In general cases though our theorem is not applicable, we can see its support in the following way. Proof. Supp(S) £ fl U M n is clear. We will prove the opposite direc- This implies xeSupp(S).
We will return to Example 3. The solution of (1) has the following explicit solution. This is used in characterization of (*).
where AT,(t) = (^(t), e ; ), where y £ (r) = -l i (w i (t) 2 We will apply our theorem to stochastic flows. We refer to Elworthy [7] , Le Jan-Watanabe [9] about stochastic flows. In particular we use the notation of Elworthy [7] . Proof. We will show how to apply our theorem. First we will prove the theorem under the condition that V t eH s+4 (TM) (i ^ 1). By Elworthy [7] , <p(t) is the solution of the following SDE on 
